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Abstract: Coarsening is one of the crucial components of an algebraic multigrid (AMG) method 
for iteratively solving sparse linear systems arising from scientific and engineering applications. It 
largely determines the complexity of the AMG iteration operator. Usually, high operator 
complexities lead to fast converge of the AMG method, however, they require additional memory 
and as such do not scale as well in parallel computation. On the other hand, though low operator 
complexities improve parallel scalability, they often lead to deterioration in convergence. This 
paper introduces a new type of coarsening strategy, called algebraic interface based coarsening 
that yields better balance between convergence and complexity for a class of multi-scale sparse 
matrices. Numerical results for various model-type problems and a radiation hydrodynamics 
practical application are provided to show the effectiveness of the proposed AMG solver. 

Keywords: Algebraic multigrid (AMG), Coarsening, Preconditioning, Parallel computation, 
Multi-scale sparse matrices, Radiation hydrodynamics. 

1 Introduction 

Many challenging computational problems in science and engineering lead to the solution of 
large-scale sparse linear systems, 

            ,                         (1.1) 
where ( ) n n

ij n n
A a ×

×
= ∈  is a sparse matrix with entries ija , and , nu f ∈  are the unknown 

vector and right-hand-side vector, respectively. The solver for these linear systems is a crucial 
component of simulation codes in diverse realistic applications, it usually dominates the time 
consumption of simulations. 

Algebraic multigrid (AMG)[1-3] is one of the most efficient methods for iteratively solving 
such linear systems arising from discretization of PDEs. In past decades, the challenge in real 
applications has sparked great interest and further development in AMG methods. Many variants 
algorithms and theories have been developed to handle various problems (e.g., [4-27]). In 
particularly, parallel algorithm designs and implementations of AMG have received great 
attentions in the past 15 years in order to scale up to the massively parallel machines, see, for 
example, [28-47]. Actually, AMG plays an increasingly important role in large-scale simulation 
for practical applications[23,48-54]. 

The operator complexity ( opC ) is a key performance measure for AMG methods. It is used to 
measure the storage requirement and the computational cost each iteration, which is defined as 
follows, 
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where lA  denotes the matrix of level l , and lA  denotes the number of its nonzero entries. 
0A A=  is the matrix of the finest level ( l = 0). The coarse level matrix lA ( l > 0) usually comes 

from the Galerkin approach (see section 2).  
For the large-scale computations on modern supercomputers, both low operator complexity 

and fast convergence are desirable requirements. The classical AMG methods[3,32,39] are 
designed in aim of fast convergence, however, they often lead to higher operator complexity that 
is not suitable for large-scale parallel computing, owing to the expensive memory requirements 
and communication overheads, especially in 3D problems (more discussion on the complexity 
issue, refer to [33] for details). A better balance between the parallelism and the convergence is the 
art of designing the components for the AMG method. One of the main efforts in aim of scalable 
parallel performance is developing low complexity coarsening strategies. Sterck et al introduced 
PMIS-like coarsening strategy[33] based on a parallel independent set algorithm in [55]. This 
strategy leads to significantly lower complexities as well as significantly improve parallel 
scalability. This idea further developed by Alber and Olson[29]. Complexity issue also has been 
considered by Falgout and Schroder in their recent work[35]. Their approach reduces complexity 
by constructing a non-Galerkin coarse matrix based on truncating coarse grid stencils algebraically. 
While the low complexity strategies improve parallel scalability, their convergence deteriorate 
severely in applications to complicated problems, such as problems with highly discontinuous 
material or multi-material properties.  

The presented work in this paper is motivated by the observation that the linear systems 
arising from many complicated problems share a common feature, which we called multi-scale 
property. A matrix is referred to have the multi-scale property if its off-diagonal entries span 
several orders of magnitudes; otherwise, it is referred to be single-scale. For example, the matrices 
discretizing the Laplace equations on a uniform mesh are usually single-scale, while the matrices 
discretizing the Poisson-like equations with strong discontinuous or anisotropic coefficients are 
usually multi-scale. The AMG methods are efficient in solving the single-scale matrices, even if 
the low complexity coarsening strategies are used. Thus, for low complexity strategies, the 
multi-scale property is the reason that causes the deterioration in convergence. 

Based on the above observation, this paper introduces the concept of algebraic interface ( AI ), 
to depict the multi-scale property of sparse matrices. AI is a set of points refer to a matrix row 
block isolating two or more single-scale row blocks. Therefore, it partitions the rows of a sparse 
matrix into many individual blocks and each block is locally single-scale. Based on the concept of 
AI, this paper further develops a new coarsening strategy for selecting coarse points. The new 
strategy consists of two stages: firstly, coarse points are selected by a novel coarsening strategy of 
low complexity within AI set; secondly, the traditional low complexity coarsening strategy is used 
within each local single-scale block. This new coarsening attempt to improve convergence of 
solving the multi-scale sparse matrices while preserving low complexities. 

Interpolation is an another important component that impacts the tradeoff between complexity 
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and convergence, more robust (also more sophisticated) interpolation operators, such as 
multi-pass[23], distance-two[34], long-range[27], energy-minimization[21], and so on, are usually 
used to improve the convergence of low complexities. In this paper, we do not deal with the detail 
of interpolation, and instead using the recommended “best practices” set of parameters which 
suggested in [35] (for more details, see Section 5). Thus we only focus on coarsening strategies in 
the remainder of this paper. 
   This paper is organized as follows. Section 2 introduces basic notations and criterions of the 
traditional AMG method. Section 3 characterizes the property of multi-scale and introduces the 
concept of algebraic interface. Section 4 presents our new coarsening strategy and AMG algorithm 
based on algebraic interface. Section 5 gives the numerical results and shows the effectiveness of 
the presented algorithm with its application to large-scale radiation hydrodynamics simulation. 
Section 6 concludes this paper.  

2  AMG basic notations and coarsening criterions 

Consider solving the linear system (1.1). For convenience, the grid is denoted as the set of the 
unknown variable indices by { }= 1, 2, ..., nΩ . Take two-level as an example, let cΩ  be the set of 
grid points on coarse level, the AMG solving the linear system (1.1) iteratively as follows:  

 1.  Do pre-smoothing steps on Au f= ; 
 2.  Coarse-grid correction: 
     2.1  Compute and restrict residual: ( )c R f Aur −= ; 

         2.2  Solve the residual equation on coarse level: c c cA e r= ; 
     2.3  Interpolation and correction: cu u Pe← + ; 
 3.  Do post-smoothing steps on Au f= ; 

where : cR Ω → Ω , : cP Ω → Ω  are transfer operators between the coarse and fine level. In step 
2.2, a coarse level system on cΩ  needs to be solved, and the coarser operator cA  is usually 
constructed by Galerkin method, which performs a tri-matrix multiplications, cA RAP= . In 
pre-/post-smoothing process, plain Jacobi/Gauss-Seidel or hybrid[26] relaxation can be used. 

In practice, a multi-level method is usually used by recursively perform above iterative 
procedure (solve phase). Before the iteration begins in solve phase, the coarse levels are 
constructed recursively by a coarsening process in a setup phase. In classical AMG, coarsening 
process constructs coarse levels by selecting a subset of grid-points (C-points) cΩ  from the fine 
level. As a result, coarsening actually leads to a C/F-splitting c fΩ = Ω Ω , where fΩ  is the 
fine-points (F-points) set. In traditional strategies, the key idea to select C-points is a concept 
called strength of connection, which measures the relative size of the matrix entries. A point i  
strongly depends on point j  ( or j  is strongly influences i ) if 

| | max | |ij k i ikca aθ
≠

≥ ⋅ ,         (2.1) 

where 0 1cθ< ≤  is the strength threshold. The choice of cθ  is usually empirical, and it is 
typically set to be 0.25 [3,39,47]. 

Using the concept of connection strength, traditional coarsening is designed based on a heuristic 
observation that the resulting smooth error changes slowly along the strong connection. As a result, 
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the following criterion for selecting C-points [3] is derived: 

(C1)  For each point j  that strongly influences an F-point i , j  is either a C-point, or a 
F-point strongly depending on a C-point k  that also strongly influences i . 

  Criterion (C1) guarantees that two strongly connected F-points depend on at least one common 
C-point. By selecting such an additional common C-point, (C1) achieves fast convergence. 
However, (C1) may lead to higher operator complexities, and thus decreases the overall 
performance. Some large-scale problems, especially in 3D, usually require a large number of 
levels. As the number of level increases, the coarse matrices become increasingly denser, and thus 
the storage and the communication overhead grow. Though some techniques, such as interpolation 
truncation, can be quite effective to decrease complexities for some problems, Sterck et al in [33] 
have concluded that (C1) is a too strong requirement for 3D problems, and resulting in probibitive 
complexity growth. Thus they suggested more aggressive coarsening to reduce the complexity 
through an alternative criterion (C2) [42]: 

(C2)  Each F-point i  needs to strongly depend on at least one C-point. 

Based on the criterion (C2), a coarsening strategy called Parallel Modified Independent Set 
(PMIS) is introduced in [33]. PMIS and its variation HMIS has the property of low complexity, 
and are recommended as the “best practices” parameters for hypre’s[56] AMG solver [35]. 

For convenience, we say that a coarsening strategy is of high complexity type (HC-type) if 
criterion (C1) is used, while is of low complexity type (LC-type) if (C2) is used. Most of the 
existing coarsening strategies can be classified as either HC-type or LC-type. For example, 
strategies such as RS[3], CLJP[32], Falgout[39], Relax-RS or Relax-CLJP[43] belong to HC-type 
coarsening, while the RS0 (RS with first pass only) [3], aggressive strategy [23], PMIS/HMIS[33], 
PMIS-c1 or PMIS-c2[29] belong to LC-type coarsening. 

3  Multi-scale matrices and algebraic interface 

The LC-type coarsening improves parallel scalability, whereas, it has poor convergence in some 
complicated problems. A typical example is Poisson-like equations with non-smooth coefficients, 
i.e., anisotropic, highly oscillatory or discontinuous coefficients. Various techniques based on the 
geometric multigrid method are available for handling the non-smooth coefficients, for example, 
see [57-63]. However, these techniques, including the special components of interpolation, 
smoothing, or coarsening, require the underlying geometric information which is usually not 
available for the “black-box” AMG method. In AMG, the geometric information of the coefficients 
can only be explored implicitly via purely algebraic information such as the relative magnitude of 
the matrix entries. In the case of Poisson-like equations, if the coefficients are non-smooth, the 
underlying matrices have the following feature: the off-diagonal entries span several orders of 
magnitudes, and the gap of the orders increases as the coefficients become rougher. We refer this 
feature as the multi-scale property of the matrices. Being more precisely, we introduce the 
definition of multi-scale matrix as follows: 

Definition 1  A matrix ( ) n n

ij n n
A a ×

×
= ∈  is a multi-scale matrix if there exists a point i  that 



  

5 
 

Technical Report 

 
satisfies,  

                      min maxj i ij j i ijca aθ
≠ ≠

< ⋅ ,                        (3.1) 

where cθ  is a threshold of the strength of connection defined in (2.1). Otherwise, A  is a 
single-scale matrix. 

In real applications, multi-scale matrices not only arise from the non-smooth coefficients, but 
also from various characteristics of complicated problems, such as severely deformed meshes, 
adaptive meshes, high-order discretization schemes, nonlinear coefficients, multi-physics coupling 
problems, etc. 

3.1  algebraic interface 

In order to further characterize the multi-scale matrices, we introduce the following notations. 

   { }0,i ijN j a j i= ∈Ω ≠ ≠  denotes the set of neighbors of point i . 

   { }| | max | |
ij k i iki i ca aS j N θ

≠
= ≥ ⋅∈  denotes the set of strong dependences of point i . 

   { }ST

i i jj N i S= ∈ ∈  denotes the set of strong influences of point i .  

   { }
ii i j SW j N= ∉∈  denotes the set of weak dependences of point i . 

   { }T

i i jW j N i W= ∈ ∈  denotes the set of weak influences of point i . 

With these notations, we have the following proposition: 

Proposition 1  A matrix is a multi-scale matrix if and only if there exists at least one point i , 
whose weak dependence set is not empty, i.e. iW φ≠ . Otherwise, if iW φ=  for any point i , the 
matrix is a single-scale matrix. 

Proposition 1 implies that the connections of weak dependence lead to the multi-scale property 
of a matrix. Particularly, we say a point i  is a multi-scale point (MS-point) if its weak 
dependence set is not empty, i.e., iW φ≠ . The MS-points set of a matrix is denoted by, 

              { }MS ii W φΩ = ∈Ω ≠                   (3.2) 

For a MS-point MSi ∈Ω , its neighbors have the following strong/weak splitting (S/W-splitting): 

i i iN S W=                                   (3.3) 

and the weak dependence set iW  can be further split into two parts: 

( ) ( )T T

i i i i iW W S W W= ∩ ∩                    (3.4) 

where T

i iW S∩  and T

i iW W∩  represent the sets of weak-strong and weak-weak connections 
respectively. The points in the sets of T

i iW S∩  are consists of those points that weakly influence 
while strongly depend point i . However, the points in the sets of T

i iW W∩  and point i  are 
weakly influence or weakly depend each other. If we ignore the weak-weak connections, the 
weak-strong connections would dominate the weak dependences of point i . Based on this 
observation, the MS-points that have weak-strong connections could be clustered to a special set. 
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Being more precisely, we introduce the concept of algebraic interface (AI), which is defined as 
follows. 

Definition 2  Given a multi-scale matrix, its algebraic interface (AI) AIΩ is defined to be the 
ensemble of all MS-points whose weak-strong connections set is nonempty, i.e. 

                        { }T

AI MS i ii W S φΩ = ∈Ω ∩ ≠                   (3.5) 

The AI divides the grid Ω  into well-separated groups, the connections in which are either 
strong-strong or weak-weak, i.e. all connections in a group are equivalent. We call such a 
separated group an essential single-scale (ESS) patch. Therefore, the grid Ω  could be divided 
into two parts: AI-part AIΩ  and ESS-part ESS AIΩ Ω − Ω= , where ESSΩ is the combination of all 
ESS patches. Consequently, it derives the following AI-splitting:  

AI ESSΩ = Ω Ω                               (3.6) 

If a multi-scale matrix has no algebraic interface points (AI-points), we call it an ESS matrix. 
All connections in an ESS matrix are equivalent in strength. 

The AI-splitting implies that the AI-points violate the ESS property of a matrix. From a purely 
algebraic perspective, AI is exactly like an “interface”, in the sense that it breaks the equivalence 
in the connections, and thus it can be regarded as a key feature that characterizes a multi-scale 
matrix. 

3.2  Illustration of algebraic interface 

In this subsection, we illustrate the algebraic interface of matrices with multi-scale property, and 
show how algebraic interface impacts the convergence of AMG. Consider the following 
Poisson-like equation with Dirichlet boundary condition, 

( )u fκ∇ ⋅ ∇ = .                            (3.7) 

where κ  is the diffusion coefficient. Five different coefficients (Prob1-Prob5) on a unit square 
(2D) and a unit cube (3D) are considered, see in Table 3.1. In the random case Prob5, 0 1r≤ ≤  
is a random function. 

Table 3.1  five examples for coefficients in Poisson-like equation.  
problems κ (2D) κ (3D) 

Prob1 
constant 1  1  

Prob2 
anisotropic 

310 0
0 1

 
 
 

 

3

3

10 0 0
0 10 0
0 0 1

 
 
 
 
 

 

Prob3 
discontinuous 

231 0 , 1/ 4,3/ 4
1,

in
otherwise

    


 
331 0 , 1/ 4,3/ 4

1,
in

otherwise
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Prob4 
varying ( ) ( )100 sin 64 sin 64 +1.0x y⋅  ( ) ( ) ( )100 sin 64 sin 64 sin 64z +1.0x y⋅ ⋅  

Prob5 
random 

( )2r x,y10  ( )2r x,y,z10  

  We discretize equation (3.7) with finite volume method (FVM) on a uniform rectangular mesh, 
thus the property of coefficients determine the multi-scale property of the corresponding matrices. 
The coefficients are defined on the cell center, which resulting a piecewise constant distribution on 
mesh cells, and averaged to edges in FVM discretization. 

Let the strength threshold be cθ = 0.25, Table 3.2 gives the number of MS-points and 
AI-points in mesh size = 642 (2D) and 643 (3D). As we can see, there is no MS-point and AI-point 
in Prob1 which is exactly a single-scale case. For anisotropic case Prob2, all points are MS-points, 
while the corresponding matrix is essential single-scale since there is no algebraic interface. Prob3, 
Prob4, and Prob5 are typical multi-scale cases. 

Table 3.2  Number of MS-points and AI-points in mesh size = 642 (2D) and 643 (3D). 
Problems Prob1 Prob2 Prob3 Prob4 Prob5 

2D 
(mesh size = 4096) 

#MS-pts 0 4096 124 1370 2073 
#AI-pts 0 0 124 1370 1712 

3D 
(mesh size = 262144) 

#MS-pts 0 262144 5768 103746 132888 
#AI-pts 0 0 5768 103746 127693 

  Take the 2D case as an example, Figure 3.1 illustrates the distribution of AI-points in Prob3, 
Prob4 and Prob5. For the discontinuous case Prob3, the algebraic interface is exactly the same as 
the geometric interface, i.e. it reconstructs the discontinuous location of the coefficient. In Prob4, 
it seems that there are many geometric interfaces according to different jumps, algebraic interface 
exactly reconstructs the one that corresponding to a given strength threshold cθ . In Prob5, 
however, there is no explicit geometric interface. 

   

Figure 3.1. Distributions of AI-points for Prob3~Prob5, mesh size = 64×64 in 2D.  
Left: Prob3 with 124 AI-points. Middle：Prob4 with 1370 AI-points. Right: Prob5 with 1712 

AI-points. The color represents the size of AI-influence value which defined in (4.2) in next section. 

Using LC-type PMIS coarsening and classical modified interpolation, both parameters are used 
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in [33]. Table 3.3 shows the numbers of iteration and the operator complexities of Prob1-5. The 
residual tolerance of convergence is chosen to be tol = 10-8. In the 2D case, a two-level iteration is 
performed. For 3D case, the results for AMG used as preconditoner for GMRES(10) with one 
V(1,1)-Cycle also given (AMG-GRMES(10)). 

Table 3.3  Numbers of Iteration (Nits) and operator complexities(Cop) with PMIS coarsening. 
  Problems Prob1 Prob2 Prob3 Prob4 Prob5 

2D 
 two-level 

AMG-Only 
Nits 13 9 13 19 20 
Cop 1.6 1.6 1.6 1.6 1.6 

3D 
multi-level 

AMG-Only 
Nits 56 39 371 169 148 
Cop 2.3 2.4 2.3 2.2 2.1 

AMG-GMRES(10) 
Nits 17 14 24 23 22 
Cop 2.3 2.4 2.3 2.2 2.1 

  Table 3.3 shows that complexities are small in both 2D and 3D. In contrast with the (essential) 
single-scale cases Prob1 and Prob2, the numbers of iterations of multi-scale cases increase 
significantly, especially in 3D cases, even for the case of AMG-GMRES(10) This indicates that 
the convergence of the LC-type coarsening strategy for multi-scale matrices is strongly related to 
the algebraic interface. 

As illustrated in Figure 3.1, algebraic interface can partially capture the geometric interface in 
some special cases, however, it is a pure algebraic concept and is independent of geometric 
information, thus it is inherently different form the geometry interfaces that were concerned in 
[57,60,63]. 

4  Algebraic interface based coarsening 

Our aim is to design an effective AMG method that is as insensitive as possible to the 
multi-scale property, and is of low operator complexity. The main idea of our approach is the 
customized design of the coarsening strategy by using the algebraic interface. Our approach is 
named the AI-prior coarsening algorithm. 

4.1  AI-prior coarsening 

Our key observation is that the AI-points are more “important” than others, and should be 
given a high priority in the coarsening process. Based on the AI-splitting, i.e. (3.6), AI-prior 
coarsening is composed of two steps: the AI-step and ESS-step. Firstly, in the AI-step, C-points are 
selected from AI for an initial coarsening, special strategy are needed in this step. Secondly, in the 
ESS-step, traditional LC-type coarsening could be used to select C-points from the ESS-part. Here 
we focus on the AI-step, and introduce a new metric firstly. 

In traditional coarsening strategies, the C-points are selected by their “importance”. The 
importance of point k  is measured by the influence value ( )v k  defined as the size of the 
influence set of point k [3]: 

                 ( ) kv k S Τ= .          (4.1) 
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With a larger influence value, a point has higher priority to be selected as a C-point. For an 
AI-point k

Γ
∈Ω , we introduce the AI-influence value ( )AIv k , which is defined as follows: 

              ( )
T

k k

AI T

k k k

S W
v k

S W S
=

+





.                   (4.2) 

The AI-influence value ( )0 1AIv k≤ ≤  reflects the influence of an AI-point k  on the ESS-part. 
It could be used to measure the “importance” of AI-points. In the AI-step, we use the AI-influence 
value ( )AIv k  instead of the influence value ( )v k  to select the C-points from AI.  

Based on the AI-influence value, Algorithm 1 describes the AI-prior coarsening process. 

Algorithm 1 (AI-prior coarsening). For a given grid Ω  on level l , a coarse grid cΩ  is 
constructed by the following steps, 
1. Perform AI-splitting (3.6): AI ESSΩ = Ω Ω ; 
2. (AI-step) Perform LC-type coarsening to select C-points from AI-part based on the 

AI-influence value in (4.2): c f

AI AI AIΩ = Ω Ω ; 
3. (ESS-step) Use c

AIΩ  as the initial set of C-points, perform LC-type coarsening algorithm to 
select C-points from ESS-part based on the influence value (4.1): c f

ESS ESS ESSΩ = Ω Ω ; 
4. c c

ESS AI

cΩ = Ω Ω ; 

The main feature of the AI-prior coarsening is the introduction of the AI-splitting and the 
AI-step. The AI-splitting reveals the key feature of multi-scale matrices, and AI-step selects 
C-points based on the new introduced metric AI-influence value (4.2) with the intention of 
resolving algebraic interface. Based on the criterion of the chosen LC-type coarsening, the choice 
of the C-points set of AI-part influences the subsequent C-points set of ESS-part. Thus, we use 

c

AIΩ  as the initial set of C-points to be fed into the chosen coarsening algorithm in ESS-step. For 
example, if PMIS coarsening is used, those ESS-points that are strong depended on a C-point of 
AI-part are made into F-points before ESS-step begins. 

Remark 1 A modified version of the influence value was introduced in [32] with 
( )( )

k
v k S iσΤ= + , where ( )0 1iσ< <  is a random number. The random number is used to 
distinguish the points with the same influence value for the natural parallelism. It is also used in 
PMIS-like strategies[33]. Similarly, the random number can be introduced in AI-influence value 
(4.2) in a similar way. 
Remark 2 The AI-points with locally maximal AI-influence value, i.e., those AI-points that their 
AI-influence values are larger than those of their neighbors, can be viewed as the “corners” of 
algebraic interface. The AI-prior coarsening strategy preserves the “corners”, so the “shape” of 
interface is preserved. In this sense, the AI-prior coarsening strategy can be considered as a 
generalization of the strategy of interface-preserving coarsening for elliptic equations with highly 
discontinuous coefficients by Wan [63]. In the case of the discontinuous coefficient, such as Prob3 
considered in Section 3.2, the algebraic interface is exactly the same as the geometric interface, so 
these two strategies are essentially identical. Wan's strategy needs the knowledge of the locations 
of the geometric interface, while our approach does not. 
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4.2  Quality measurement for AI coarsening 

Finally, we introduce the AI-complexity to measure the multi-scale complexity and an 
AI-coarsening-ratio to measure the coarsening quality on the algebraic interface: 

  AI-complexity:       
l

AIl
AI l

l

C
Ω

=
Ω

∑
∑

                      (4.3) 

  AI-coarsening-ratio:  
,l c

AIl

l

AIl

CAIR
Ω

=
Ω

∑
∑

                    (4.4) 

where ,l c

AIΩ  denotes the number of C-points that are on the algebraic interface of level l, 

l∑ denotes the sum counted along hierarchical operators from the finest to the coarsest level. 
Higher AI-complexity indicates a higher multi-scale complexity for AMG iteration operator. 
AI-coarsening-ratio reflects accuracy of resolving AI during the coarsening process, and can be 
used to measure the coarsening quality on AI. For a single level, we also introduce a metric 
AI-ratio to measure the ratio of the number of AI-points to the total numbers, which is defined as 

/l l l

AI AIr = Ω Ω  on level l. 

5  Numerical tests 

In this Section, testing problems including both the commonly used model problems and 
real-world applications are presented to show the efficiency of our AI based coarsening strategy. 
All results were obtained on a massively parallel machine with 512 nodes and an InfiniBand 
interconnect, each node contains dual 2.93GHz Intel Xeon processors and 48 GB of memory, each 
processor contains 6 cores. 

We denote the AMG methods based on AI-prior coarsening strategies as AI-AMG, and the 
classical AMG methods based on traditional coarsening strategies as C-AMG.  

The same set of parameters is used in both methods except the AI-prior coarsening strategy 
used in AI-AMG. The key parameters are given as follows,  

●  Smoothing: hybrid symmetric Gauss-Seidel relaxation [26]. 
●  LC-type Coarsening: PMIS strategy[33]. 
●  Interpolation operator: classical modified interpolation[33]; 
●  Threshold of the strength of connection: cθ = 0.25. 

The above parameters set can be regarded as a modified version of the “best practices” parallel 
AMG parameters set recommended by the hypre software [56] developers in [35]. In hypre’s “best 
practices” parameters set, HMIS[33] and extended classical modified interpolation[34] are 
recommended as coarsening and interpolator respectively. HMIS is a variation of PMIS, it is 
attempt to perform better performance for problems with regular mesh structure. However, HMIS 
is not especially advantageous for unstructured problems (see[33]) and multi-scale problems 
which are particularly concerned in this paper. Furthermore, HMIS usually has higher operator 
complexities than the PMIS coarsening, as shown in[33]. For the extended classical modified 
interpolation, although it may perform better convergence than the classical modified interpolation, 
its operator complexity also increase since increasing the range of interpolation may result in 
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stencil growth due to RAP Galerkin operator [34], and it usually require the truncating techniques 
and aggressive strategies[35], which is beyond the discussion of this paper. Overall, improved 
interpolation formulas will be considered in more detail in future. 

Both AI-AMG and C-AMG are used as preconditioner for GMRES with one V(1,1) cycle. We 
consider the following performance measures: 

●  opC : Operator Complexity. 
●  Nits : Number of iterations. 
●  Ttotal, Tsetup, Tsolve: CPU time (in seconds) of total, setup phase, and solve phase. 

Also, we list the algebraic interface information of the matrix in test results: 
●  AIC : AI-complexity. 
●  CAIR : AI-coarsening-ratio. 

The symbols “C-“ and “AI-” in the tables or figures in all test results denote C-AMG and 
AI-AMG preconditioned GMRES, respectively. 

5.1  3D Poisson-like equations 

The first set of test problems are 3D Poisson-like equations, i.e. (3.7). The right hand function 
is f =1, and 7-point finite volume discretization on uniform mesh, which described in Section3.2, 
is used. We test the algorithmic scaling for various coefficients, fixing problem size per core, 
while increasing the number of cores from 1 to 4096 in all tests. 

For tests in this subsection, the dimension of Krylov subspace is set to be kdim = 20, except 
for special statement, the relative residual convergence tolerance is tol =10-8, i.e. reducing the 
2-norm of the residual by 10 orders of magnitude. 

5.1.1  Constant coefficients (Laplacian equation) 

We take the coefficient to beκ =1, and fix the problem size per core to 64×64×64. The results 
are given in Table 5.1. The improvement in efficiency is not expected in this case, because the 
matrix is single-scale. However, the AI-complexities are found to be AIC > 0, as showed in Table 
5.1, which implies that AI-points appear on the coarse levels although there are no AI-points on 
the finest level. Since the AI-coarsening-ratio RCAI of AI-AMG (~35%) is larger than that of 
C-AMG (~23%), AI-AMG has higher coarsening quality on coarse levels when the matrices are 
multi-scale. Thus, comparing with C-AMG, a slight improvement in AI-AMG is observed in terms 
of number of iterations. On the other hand, the operator complexities Cop of AI-AMG are slightly 
larger than that of C-AMG. There is no reduction in the CPU time when the number of CPU cores 
increases from 1 to 512, whereas, on 4096 cores, the CPU time of AI-AMG is reduced by nearly 
10%, because the number of iterations is decreased by nearly 15% comparing with C-AMG. 
Although the operator complexities increase in AI-AMG, they are still of low complexity (< 2.8) 
in all cases. 

Table 5.1  Results for constant coefficient (Laplancian equation), 643 mesh size per core. 
Method #cores #mesh Cop Nits Tsetup Tsolve Ttotal CAI RCAI 

C- 1 643 2.22 19 0.6 2.0 2.6 0.16 0.23 
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8 1283 2.30 25 1.3 6.7 8.0 0.17 0.23 

64 2563 2.34 33 2.8 14.0 16.8 0.18 0.23 
512 5123 2.36 47 2.7 23.5 26.2 0.18 0.23 

4096 10243 2.40 91 5.0 72.6 77.6 0.17 0.22 

AI- 

1 643 2.66 18 0.7 2.4 3.1 0.17 0.36 
8 1283 2.73 23 1.5 6.0 7.5 0.17 0.35 

64 2563 2.75 30 3.1 13.6 16.7 0.19 0.35 
512 5123 2.77 41 3.3 21.7 25.0 0.18 0.35 

4096 10243 2.80 78 5.5 64.2 69.7 0.17 0.35 

5.1.2  Anisotropic coefficients 

This case is a 3D anisotropic problem given in Table 3.1(Prob2). The results are shown in 
Table 5.2 with a fixed problem size per core: 64×64×64. Firstly, we observe that the numbers of 
iterations of both methods are less than the constant coefficient case as the problem size increases. 
Although the matrices are multi-scale, they are essential single-scale, because there are no 
AI-points (see Table 3.2). In this sense, the anisotropic problem is equivalent to the Laplacian 
equation discussed in Section 5.1.1, and the scaling behavior of performance (in operator 
complexities, iterations, CPU time and the AI-related information) is also similar. Again, the 
operator complexities of AI-AMG are slightly higher than those of C-AMG, but they remain low 
(<=2.7). Similar to the constant coefficient case, the AI-points appear on coarse levels with the 
small AI-complexities CAI (< 0.2), and the AI coarsening ratios RCAI of AI-AMG are larger than 
those of C-AMG, which explains the improvement of iteration numbers. Regarding the CPU time, 
the AI-AMG is not more efficient in problems of size from 1 to 8 cores. Whereas, in the problems 
from 64 to 4096 cores, the CPU time of AI-AMG is 10% ~ 19% less than C-AMG. 

Table 5.2  Results for anisotropic coefficient, 643 mesh size per core. 
Method #cores #mesh Cop Nits Tsetup Tsolve Ttotal CAI RCAI 

C- 

1 643 2.32 20 0.4 2.0 2.4 0.15 0.33 
8 1283 2.39 25 1.2 7.1 8.3 0.16 0.33 

64 2563 2.42 31 2.9 20.0 22.9 0.17 0.32 
512 5123 2.43 40 3.3 24.5 25.8 0.17 0.32 

4096 10243 2.40 50 5.2 29.7 34.9 0.18 0.32 

AI- 

1 643 2.65 19 0.5 2.0 2.5 0.16 0.49 
8 1283 2.67 24 1.3 6.9 8.2 0.17 0.46 

64 2563 2.70 29 3.1 17.3 20.4 0.19 0.45 
512 5123 2.72 35 3.6 18.4 22.0 0.19 0.44 

4096 10243 2.74 41 5.7 23.5 28.2 0.19 0.44 

5.1.3  Sin-type varying coefficients 

In this subsection, we test the varying coefficients that are subject to the following sin-type 
function, 
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where xn , yn , zn  are the mesh size along x , y , z directions, respectively. In this case, the 
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We fix the problem size per core to 64×64×64. The results are given in Table 5.3. In this 

case, the AI-ratio of the finest matrices is about 4% on average, which means a weak degree of the 
multi-scale property. The results in Table 5.3 show that the AI-complexities in this case increase 
slightly comparing with the previous constant and anisotropic coefficient cases, because the 
problem is more difficult to solve. Again, the AI-AMG shows better coarsening quality on AI (by 
checking RCAI), and outperforms C-AMG in scalability. On 4096 cores, comparing with C-AMG, 
the number of iteration and the CPU time of AI-AMG are reduced by nearly 18% and 15%, 
respectively. 

Table 5.3  Results for sin-type varying coefficient, 643 mesh size per core. 
method #cores #mesh Cop Nits Tsetup Tsolve Ttotal CAI RCAI 

C- 

1 643 2.20 20 0.6 2.1 2.7 0.22 0.24 
8 1283 2.28 27 1.4 7.1 8.5 0.22 0.25 

64 2563 2.31 40 2.1 15.4 17.5 0.22 0.25 
512 5123 2.33 72 2.3 32.6 34.9 0.23 0.25 

4096 10243 2.30 233 6.0 123.1 129.1 0.24 0.25 

AI- 

1 643 2.57 19 0.7 2.5 3.2 0.23 0.32 
8 1283 2.68 24 1.5 6.6 8.1 0.23 0.32 

64 2563 2.74 36 2.3 13.6 15.9 0.23 0.32 
512 5123 2.77 65 2.9 29.3 32.2 0.24 0.32 

4096 10243 2.70 190 6.6 104.4 111.0 0.25 0.32 

5.1.4  Discontinuous coefficients 

In this Subsection, we test the problems with discontinuous coefficients, which are typical 
multi-scale matrices in real applications. Here we consider three problems. 

(a) One-jump case 

In the one-jump case, we set κ =1000 on cube [0.25,0.75]3, and κ =1 elsewhere. The results 
of both methods are given in Table 5.4, with fixed problem size per core 64×64×64. 

In this case, the AI points only appears around the discontinuous line, i.e., the boundary of the 
cube [0.25,0.75]3 (see the leftmost plot in Figure 3.1). Take the problem size of one core as an 



  

14 
 

Technical Report 

 
example, the AI-ratio of the finest matrices is about 2%, and it decreases as the problem size 
increases. Actually, as shown in Table 5.4, the AI-complexity of this case is close to that of 
constant and anisotropic cases. However, in this jump-coefficients case, the scalability of C-AMG 
degenerates significantly as problem size increases. The AI-AMG, in contrast, performs much 
better in both iteration and CPU time, because it has better coarsening quality on AI (larger RCAI). 
Significant improvement is achieved at the large-scale problem on 512 and 4096 cores: for 
problems size on 512 cores, the number of iteration of AI-AMG is 31.2% smaller than C-AMG, 
and the CPU time of AI-AMG are reduced by nearly 23.5%. For problems size on 4096 cores, the 
number of iteration of AI-AMG is 59% smaller than C-AMG, which leads to an almost 2.2× 
improvement in CPU time. It should be noted that, for the problem on 4096 cores, we use 
accelerator GMRES(30) instead of the default setting GMRES(20), which failed to converge in 
this large-scale problem. 

Table 5.4  Results for one-jump discontinuous coefficient, 643 mesh size per core.(*kdim=30) 
method #cores #mesh Cop Nits Tsetup Tsolve Ttotal  CAI RCAI 

C- 

1 643 2.21 22 0.6 2.4 3.0 0.18 0.23 
8 1283 2.29 39 1.6 10.4 12.0 0.19 0.24 

64 2563 2.34 64 2.4 27.0 29.4 0.20 0.24 
512 5123 2.36 243 3.5 121.6 125.1 0.20 0.23 

4096* 10243 2.40 515 5.2 467.3 472.5 0.19 0.22 

AI- 

1 643 2.63 20 0.7 2.5 3.2 0.19 0.35 
8 1283 2.70 36 1.7 10.0 11.7 0.21 0.35 

64 2563 2.80 58 3.1 24.8 27.9 0.22 0.35 
512 5123 2.85 167 4.5 91.1 95.6 0.22 0.35 

4096* 10243 2.80 211 6.3 204.6 210.9 0.20 0.35 

    (b) Three-jump case 

The second problem is a three-jump case, which is also used as a testing problem in Sterck’s 
paper [33] (see section 5.4 in [33]). In this case, κ =1000 on cube (0.1,0.9)3, κ =0.01 on (0,0.1)3 
and the other cubes of size 0.1×0.1×0.1 that are located at the corners of the unit cube, and 
κ =1 elsewhere. This three-jump case is more difficult than the previous one-jump problem. Here 
we fix problem size 60×60×60 per core. The results are given in Table 5.5. 

The AI-ratio of the finest matrices is nearly 6% for the problem size of one core, which is 
larger than that of one-jump case (2%). The scalability of C-AMG degenerates significantly as 
problem size increases. The AI-complexities in this case are slightly larger than those of the 
one-jump case. Similarly, on average, the coarsening quality of AI-AMG with RCAI =34% is much 
better than that of C-AMG with RCAI = 24%. It can be concluded that the AI-AMG improves the 
convergence significantly, especially for the large problem size. In the cases of 512 and 4096 cores, 
comparing with C-AMG, AI-AMG reduces 41.2% and 49% of the number of iterations, 
respectively, 35.8% and 43.6% of the CPU time, respectively. In this problem, for problem size on 
4096 cores, GMRES(40) is used instead of GMRES(20), owing to its failure in convergence. 
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Tabel 5.5  Results for three-jump discontinuous coefficient, 603 mesh size per core. (*kdim=40) 
Method #cores #mesh Cop Nits Tsetup Tsolve Ttotal  CAI RCAI 

C- 

1 603 2.18 25 0.5 2.1 2.6 0.22 0.24 
8 1203 2.28 40 1.2 8.6 9.8 0.24 0.24 

64 2403 2.33 79 1.8 26.6 28.4 0.24 0.24 
512 4803 2.36 337 2.6 136.1 138.7 0.22 0.23 

4096* 9603 2.40 416 4.9 263.2 268.1 0.22 0.22 

AI- 

1 603 2.54 23 0.6 2.5 3.1 0.23 0.34 
8 1203 2.66 36 1.3 7.8 9.1 0.24 0.34 

64 2403 2.68 59 2.3 21.5 23.8 0.24 0.34 
512 4803 2.74 198 3.5 85.5 89.0 0.23 0.34 

4096* 9603 2.80 212 5.8 145.3 151.1 0.24 0.34 

   (c) Random jump case 

The third problem has a random coefficient ( )r x,y,z10δκ ⋅= , where ( )0 1, ,r x y z≤ ≤  is a 
random function, and 1δ ≥  is the maximum jump order of magnitude. In this case, the 
coefficient jumps randomly, and the AI-points also distribute randomly in the domain. See Fig. 3.1 
for a 2D example with δ =2. 

We fix the problem size per core to 64×64×64. The results are given respectively in Table 5.6 
with δ =2 and Table 5.7 with δ =3. For δ =2, although the AI-complexity is much higher than 
previous cases, the scalability deterioration is not as serious as the previous one- or three- jump 
cases. The AI-AMG presents slightly better AI coarsening quality than C-AMG, moreover, a 
significant improvement in both convergence and CPU time. For the problem sizes of 8, 64, 512, 
and 4096 cores, comparing with C-AMG, AI-AMG reduces 13.7%, 25%, 40% and 49.6% of the 
number of iterations, respectively, and achieves 12.6%, 23.3%, 37.2%, and 43.9% reduction in 
total CPU time, respectively. 

Comparing with δ =2 case, the results in Table 5.7 show that it is more difficult to solve the 
problem of δ =3, because it has larger jumps and larger AI-complexities. The coarsening quality 
on AI of AI-AMG is better than C-AMG, and AI-AMG presents better scalability. As core 
numbers increase from 8 to 64, 512, and 4096, AI-AMG reduces 18.7%, 39%, 51.3% and 53.5% 
of the number of iterations, respectively, and reduces CPU time by 18.4%, 37.4%, 48.8%, and 
49.3%, respectively, due to the significant improvement in convergence while retaining low 
operator complexity. Again, for problem size of 4096 cores, accelerator GMRES(30) is used 
instead of GMRES(20) owing to its failure in convergence of C-AMG. 

Table 5.6  Results for random coefficient, 643 mesh size per core, δ =2. 
Method #cores #mesh Cop Nits Tsetup Tsolve Ttotal  CAI RCAI 

C- 

1 643 2.00 20 0.7 1.9 2.6 0.56 0.33 
8 1283 2.06 29 1.3 7.4 8.7 0.56 0.33 

64 2563 2.09 52 2.0 11.1 13.1 0.58 0.32 
512 5123 2.14 105 3.2 46.3 49.5 0.59 0.32 
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4096 10243 2.18 302 7.4 134.3 141.7 0.59 0.32 

AI- 

1 643 2.17 19 0.5 2.1 2.6 0.57 0.41 
8 1283 2.19 25 1.3 6.3 7.6 0.57 0.41 

64 2563 2.22 39 2.2 7.8 10.0 0.59 0.41 
512 5123 2.25 63 3.5 27.6 31.1 0.60 0.41 

4096 10243 2.29 152 7.9 71.6 79.5 0.60 0.41 

 
Table 5.7  Results for random coefficient, 643 mesh size per core, δ =3. (*kdim=30) 

Method #cores #mesh Cop Nits Tsetup Tsolve Tcpu CAI RCAI 

C- 

1 643 2.00 21 0.5 2.2 2.7 0.64 0.33 
8 1283 2.01 48 1.1 13.5 14.6 0.68 0.33 

64 2563 2.05 113 2.2 26.6 28.8 0.70 0.33 
512 5123 2.06 331 2.9 101.0 103.9 0.70 0.32 

4096* 10243 2.10 653 4.5 305.4 309.9 0.71 0.32 

AI- 

1 643 2.10 20 0.5 1.9 2.3 0.65 0.39 
8 1283 2.19 39 1.2 10.7 11.9 0.67 0.40 

64 2563 2.24 69 3.1 16.8 19.9 0.70 0.40 
512 5123 2.26 161 3.0 50.2 53.2 0.71 0.40 

4096* 10243 2.28 303 4.6 152.5 157.1 0.72 0.40 

   (d) Cases of C-AMG failure in convergence 

   For the various discontinuous problems given above, it has been noted that GMRES with kdim 
= 30 or 40 is required for large-scale problem size on 4096 cores (The random coefficient case 
with δ =2 is an exception). Particularly, with smaller kdim, Table 5.8 gives some cases that 
C-AMG fails in convergence (within maximum iterations number 1000), while AI-AMG 
converges successful, which means that AI-AMG is more robust with respect to kdim. 

Table 5.8  Convergence failure cases for C-AMG. 

Problem #cores mesh size kdim 
Nits 

C- AI- 
One-jump 64 2563 10 Failure 171 

Three-jump 4096 9603 30 Failure 535 
Random, δ =2 4096 10243 10 Failure 194 

Random, δ =3 
512 5123 10 Failure 367 

4096 10243 20 Failure 505 

5.1.5  Brief summary for results on Poisson-like equation 

Finally, we briefly summarize the conclusions derived from the tests in this subsection on 
Poisson-like equations: 

(a) For all cases we tested, with increasing problem sizes, AI-AMG remains low operator 
complexity, and shows better scalability than C-AMG. An unexpected improvement is achieved in 
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constant and anisotropic problems whose matrices are essential single-scale. In both cases, the 
AI-AMG shows better convergence. For problems of varying and discontinuous coefficients, the 
matrices are natural multi-scale, and AI-AMG significantly improves the scalability comparing 
with C-AMG. 

(b) AI-AMG shows more robustness as coefficients varying from constant to random. Taking 
the problem sizes of 1 and 4096 cores as examples, Table 5.9 summarizes the iteration numbers of 
all test cases. For the problem size of one core, the improvement is marginal, while for the 
problem size of 4096 cores, AI-AMG improves robustness significantly. In the case of 4096 cores, 
the smallest and largest iteration numbers for C-AMG are 50 (in anisotropic problem) and 653 (in 
random problem with δ =3) respectively, while for AI-AMG, the smallest and largest iteration 
numbers are 41 and 303 respectively. 

Table 5.9  iteration numbers for various coefficients on 1 and 4096 cores. 

#cores  Constant Anisotropic Sin-type 
One- 
jump 

Three- 
Jump 

Random 
δ =2 

Random 
δ =3 

1 
C- 19 20 20 22 25 20 21 
AI- 18 19 19 20 23 19 20 

4096 
C- 91 50 233 515 416 302 653 
AI- 78 41 190 211 212 152 303 

  (c) Large AI-complexity leads to degeneration in scalability and robustness. Based on the 
AI-prior coarsening strategy, the AI-coarsening ratio CAIR  of AI-AMG is much larger than that of 
C-AMG. This is the main reason why AI-AMG improves the robustness and scalability. 

5.2  Application in radiation hydrodynamics(RHD) simulations 

In this subsection, we apply the AI-AMG method to solve the radiation hydrodynamics (RHD) 
arising from real-world simulations, and show its efficiency. 

The RHD computations play a crucial role in simulations of problems such as astrophysics and 
inertial confinement fusion (ICF) [64]. RHD is a multi-physics process containing both 
hydrodynamics motion and energy transport. The standard multi-material Eulerian equations are 
used to describe the hydrodynamics motion. Under the assumption of diffusion approximation 
[64], the following coupling equations are needed to solve the energy transport process,  
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where rE  is the radiation energy density, eT , iT  are the electron and ion temperatures 
respectively, and ρ is the fluid density which is updated in hydrodynamics process. In (5.1), 
( )rEλ  is a nonlinear limiter, pκ , rκ  are the Planck and Rosseland mean absorption coefficients 
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respectively, σ  is the absorption inverse mean free path corrected for stimulated emission, rS  
is the radiation source item, and c  is the light speed. In the electron-ion equations (5.2) and (5.3), 

( )ee TD , ( )ii TD  are the electron and ion nonlinear conduction coefficients, respectively, ec , ic  
are the electron and ion heat capacity, respectively, and ieω  is the electron-ion coupling 
coefficient. 

In this paper, we do not deal with the detail of the hydrodynamic process, and only focus on the 
solution of radiation transfer equation. The coupling system (5.1)-(5.3) is also known as 
three-temperature (3-T) equations since the radiation energy density rE  defines the radiation 
temperature rT  via rE = 4

raT , where a  is the radiation density constant. In RHD codes, owing 
to the demand of large time step size and the stability, the implicit scheme is used for the 3-T 
equations. This is the reason why the linear system solvers are much in demand in RHD 
computations. 

5.2.1  RHD code 

The problem considered in this paper is the 3D simulation of hydrodynamics instabilities during 
the processes of radiation driven ICF capsule implosion [65]. The parallel RHD code LARED-S 
[66] is used in the simulations. LARED-S is developed by ICF team of IAPCM based on a parallel 
application framework JASMIN [67] who provides the powerful parallel performance on 
large-scale machine. Since the main focus of this paper is the performance of the linear solver, we 
only briefly describe the underlying numerical techniques related to the implicit solution. More 
details about the LARED-S code can be found in [66]. 

At each time step, a coupled nonlinear system arising from the implicit 3-T equations (5.1)-(5.3) 
should be solved. The Picard-type iteration is used to solve such equations in LARED-S code. At 
the beginning of iterations, the energy density of electron emission 44 eTσ  is linearized using the 
last time step value of electron temperature, then the coupled radiation, electron, and ion equations 
are operator split from each other, and solved with iterative procedure until convergence. Each 
iteration performs in the following two steps, 

(s1) solve the radiation diffusion, and radiation-electron coupling, 
(s2) solve the electron and ion conduction separately, and electron-ion coupling, 

where the linear solvers are needed in both steps.  
For a typical 3D simulation, owing to the hydrodynamics instabilities, more than hundreds of 

millions of mesh cells are needed. In addition, since a wide range of spatial scales are coupled 
with the effects of multi-materials and strong nonlinearity, the matrix entries covers a wide range 
of values, and distributes in a highly anisotropic way. Consequently, the corresponding matrices 
are not only extremely large-scale, but also with strong multi-scale property. Therefore, it is a 
difficult task to design efficient solvers for such challenge problems. Previous work for this 
equations are mainly focused on 2D simulation[49,68-69]. For 3D computation, more effective 
solvers are required. 

5.2.2  Numerical results 

  The LARED-S runs 0.14 nanoseconds in physical time for this problem, and the whole 
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simulation needs 3700 time steps. Mesh size is changing as time stepping because the 
computational mesh is reconstructed with hydrodynamics motion. On average, it needs 154 
millions cells.  

We use AMG preconditioned GMRES(20) as the linear solver. The relative residual 
convergence tolerance is tol =10-8, and the maximum iteration number is set to be 100. Other 
parameters are used the same as those in Section 5.1. For the problem tested here, since the 
systems arising from the electron-ion thermal conduction in (s2) are easy to solve, the solution of 
radiation diffusion in (s1) dominates the execution time. Thus, we only concern the radiation 
solver in the following discussion. 

Firstly, we show the total performance improvement of the whole simulation. This simulation 
was run on 4096 CPU cores using C-AMG in June 2012 [65], we replace C-AMG with AI-AMG 
and run it again on the same parallel computer. Table 5.10 gives the comparison of CPU times. It 
is shown that, for the whole simulation, AI-AMG achieves 32% reduction in solver part CPU time, 
and 27% reduction in total CPU time. 

Table 5.10  CPU times Comparison for the whole simulation on 4096 cores. 
 Total time(hours) solver part time (hours) 

C-AMG 81 73.7 
AI-AMG 59 50.1 

Improvement Percentage 27% 32% 

  Then, we investigate the convergence behaviors of two algorithms in detail. Since it is too 
expensive to run the whole simulation again using C-AMG, the statistics given here are only for 
the first 100 time steps. Each time step needs 5~10 Picard iterations, and we consider the linear 
systems arising from the first Picard iteration for each time step (first-Picard systems).  

Figure 5.1 illustrates the distribution of AI-points for the selected local regions of slices 
corresponding to 4 first-Picard systems in selected time steps. It shows that, in this case, the 
AI-points actually appear in a local region, and their distribution dynamically change as time 
stepping. Furthermore, Figure 5.2 shows the AI-complexities (see (4.3)) of these first-Picard 
systems, and we can see that the AI-complexities of the matrices basically fall in range [20%, 
25%].
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Figure 5.1  distribution of AI-points for selected local regions of slices corresponding 4 steps: 1st 
step (Left-Top), 10th step (Right-Top), 20th step (Left-Bottom), 30th step (Right-Bottom). The color 

represents the size of AI-influence value which defined in (4.2). 

 

Figure 5.2  the AI-complexities of the first-Picard systems for 100 time steps. 

  Figure 5.3 compares the iterations and the AI-coarsening-ratios of the first-Picard systems. The 
results show that, the AI-coarsening-ratio of AI-AMG is much larger than that of C-AMG as time 
stepping, which implies that AI-AMG has better coarsening quality on AI. As a result, the 
AI-AMG achieves significant improvement in both convergence and robustness. Especially for the 
first 10 time steps, the iteration numbers of C-AMG reach the maximum allowed number, because 
the radiation temperature rises sharply, while AI-AMG could reach the convergence tolerance 
within 100 iterations during this hard period. 

   
Figure 5.3  Iterations (left) and AI-coarsening-ratios (right) of 100 first-Picard systems. 
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Finally, Table 5.11 gives the total iteration numbers and the CPU time for 100 steps. For CPU 

time, both total and solver part execution times are given. Comparing with C-AMG, AI-AMG 
reduces iteration numbers by 33.5%. The CPU times of AI-AMG for total and solver part are 
reduced by 25.8% and 32.1%, respectively. 

Table 5.11  Total iteration numbers and CPU times for 100 time steps. 

 Iteration numbers 
CPU times (minutes) 

Total Radiation solver 
C-AMG 22690 187.8 156.0 
AI-AMG 15080 139.2 105.6 

Improvement Percentage 33.5% 25.8% 32.1% 

6  Conclusions 

In this paper, a new low complexity coarsening based AMG method (AI-AMG) is proposed to 
improve the convergence of solving a class of multi-scale matrices. In order to reveal the 
difficulties arising from the multi-scale property, we introduce the algebraic interface (AI) to 
characterize the multi-scale property. As a result, the grid is partitioned into two parts: the AI and 
the essential single-scale (ESS). For the ESS-part, the connections have equivalent strength so that 
the traditional low complexity strategies work well. A customized coarsening strategy on AI-part, 
the AI-prior coarsening, is proposed. Various numerical tests of typical model problems and a 
large-scale realistic simulation are given to demonstrate the efficiency of the presented method. 
For the 3D Poisson-like equations, as problem size increases and coefficient changes, AI-AMG 
improves the algorithmic scalability and robustness significantly, while keeping low operator 
complexity, and reduces the CPU time significantly in large-size problems. For the radiation 
hydrodynamic simulation, which is a typical challenging real-world problem, the AI-AMG 
improves the convergence significantly and shows better robustness. In a hydrodynamics 
instabilities simulation with more than 100 millions of mesh cells, the AI-AMG reduces the total 
CPU time of the whole simulation from 81 hours to 59 hours on 4096 CPU cores. 
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